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In the analysis of many dynamic soil-foundation interaction problems we hat-e to deal with the unbounded 
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1. Introduction 
The reduced equation of motion for time-harmonic wave 
propagation in a randomly inhomogeneous semi-infinite 
elastic medium can be represented in the form 
; + Au = g[u, E(X, ~11, X&O (1) 
The different forms of equation (1) with specified initial 
and/or boundary conditions have attracted considerable 
attention and can be found in many papers.‘. ’ 
In equation (1) u is a displacement vector, a matrix A 
consists of deterministic parameters related to the proper- 
ties of the medium, components of a vector E(X, y) repre- 
sent random fluctuations of the material parameters of 
the medium, x-axis is directed to the interior of the 
semi-infinite medium, YE T is the elementary event in a 
complete probability space (T, F, P) with F, as a cr-alge- 
bra of subsets of I’, and P is a probability measure 
defined on all F, which induces suitable statistical mea- 
sures. In Refs. [l-3] the system of equation (1) has been 
solved in the range of correlation theory for the average 
displacements on the basis of Rourret approximation.4 
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The method used there does not give possibility of analyz- 
ing the error introduced by such approximation. Hence 
this method has been severely criticized.5 
It has been concluded in many papers that Adomian’s 
decomposition procedure6 gives the possibility of evaluat- 
ing the error of the approximate solution and of obtaining 
the solution with the assumed level of accuracy. 
Adomian’s method raises several mathematical aspects: 
Convergence problem of the series, accuracy of the ap- 
proximate average solution, and accuracy of the variance 
function. The answer to the above questions has to be 
studied for each particular case, and it can be found when 
the structure of the operator is specified. Using Rourret’s 
approximation allow us to obtain the solution in a simpler 
way, and it leads to computationally more efficient procc- 
dures. 
Avoiding remaining at a formal level we specify the 
important case of equation (1) with initial conditions. The 
mean square convergence of the solution series is proved, 
and the formula for the evaluation of the error associated 
with various order approximations of the average solution 
is derived. 
2. Problem formulation 
The simple case of equation (1) with the initial conditions 
can be written in dimensionless form as 
d2w 
z + w = --E(X,Y)W, x>o (2) 
0307-904x/97/$17.00 
PI1 SO307-YO4X(97xH)O12-7 
Bourret approximation: Z. Hryniewicz 
w(0) = 1 (3a) 
dw 
- 
dx ==(I= 
0 (3b) 
where x and w can be treated as a dimensionless space 
variable and displacement, respectively, E(X, y) is a ran- 
dom function describing the randomness of the semi-in- 
finite elastic medium and 
(dx, 7)) = 0 (4) 
The brackets (.> in this paper denote the averaging. 
Assuming E(X, y) is a homogeneous random function4 
one can describe it in the range of correlation theory by 
means of the average (equation [4]) and correlation func- 
tion 
(E(X,YMX~,Y)) =K(x-x,) (5) 
The wide class of the correlation functions may be 
represented in the form of the spectral density as7 
SJ w) = 
(26)2”-1[r(n)12s2 
(2n - 2)!( w2 + l52)” 
(6a) 
In further considerations we will use case (6a) for n = 1. 
While for n = 1 the assumed exponential correlation 
function has the undesirable mathematical property that 
the associated random function is not mean square differ- 
entiable it has been used in a number of investigations 
because it fits the experimental data.’ To avoid this unde- 
sirable property one can substitute n = 3 in equation (6a), 
obtaining two times the differentiable associated random 
function. 
It should be noted that if the stochastic characteriza- 
tion of E(X, y) is motivated by uncertainty due to lack of 
information, resulting from a limitation in the density of 
field testing, the type of model given as 
(6b) 
seems also to be reasonable.8 
Equation (2) can be represented in classical “mild” 
integral form 
w = Y,G’(x) + Y,G(x) 
- 
/ 
’ G(x -x,)E(x,)w(x,> dx, (7) 
x,=0 
where G(x) is a one-sided Green’s function for the deter- 
ministic operator d2/u!x2 + 1, and Y, and Y, are tempo- 
rary initial conditions, which are viewed as integration 
constants. 
In this paper the prime “’ ” on the dependent variable 
denotes derivative (G’(x) = dG/di), and for the sake of 
conciseness the probability variable y will be dropped. 
The problem addressed here is that of determining the 
mean field (w) for equations (2) and (3). The parametric 
study, which has been done in another part of this paper, 
shows that Bourret’s approximation 
(dX)F(X,)W(X,)) =K(x -x,>(w(x,)) (8) 
may be used in considering several still interesting physi- 
cal problems. 9,‘o Due to the fact that this method does 
not allow evaluation of the error of the approximate 
solution it is necessary to compare it with the solution 
obtained on the basis of another method. 
3. Adomian’s decomposition 
Assume that the unknown random function w(x) in equa- 
tions (2) and (3) can be represented as a sum of the 
undefined deterministic function w,(x) and random func- 
tions w,(x), (n = 1,2,. . . > 
w(x) = w,(x) + 5 w,(x) (9) 
n=l 
Substituting equation (9) in equation (71, employing initial 
conditions, equation (3), and equating terms of the same 
order yields 
w,(n) = G'(x) (lOa) 
w,(x) = -/” G(~-~,)E(x~)w~(x,)~Y~ (lob) 
x,=0 
w,(x) = -IX G(x-x,)~(~~)w,~,(x,)dY,, 
x,=0 
(n=2,3,...) (10~) 
Back-substitution of the terms w,(x) in equation (10) 
leads to 
w,(x) = -(” G(x -x,)G'(x,)~(x,)dx, (lla> 
x,=0 
w,(x) = (-l)“jX ... 
x,=0 
/ 
x”~‘[G(x-~,)...G(x,_, -x,)1 
x,=0 
GI(XJE(X,). . . E(X,)I[CLT, .f. &I, 
(n =2,3,...) (lib) 
Utilizing the form of the general term in equation (11) 
and confining considerations to the range of the correla- 
tion theory one obtains the second-order approximation 
for the average solution as 
(w(x)) z (w(2)(x)) = W”(X) + (wz(x)) (12) 
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where 
G(x -x,)G(x, -x,)G’(x,) 
The fourth-order approximation for the average solu- 
tion assumes the form 
(w(x)) = (d4’(x)> = w,(x) + (w,(x)) + (w,(x)) 
(14) 
where 
xG(x, -x,)G(x, -x,)G’(x,) 
xK,(x,,x,,x,,x,)cix,dx,dx,du, (15) 
K,(x,, x2, x3, x4) = (&(X,)S(X,)E(X,)E(X,)) 
(161 
By assumption E(X) is a normal random function, hence 
the term in equation (16) has the following correlation 
structure 
K,(x I,..., x4)=K(xI-xZ)K(x3-x4) 
+ K(x, -x,)K(x, -x4) 
+ K(x, -x,)K(x, -x3) (17) 
Explicit forms of equations (12) and (141, for the exponen- 
tial correlation function, are given in Appendix A. 
4. Bourret’s approximation 
Substituting equation (7) into equation (2) and employing 
equation (3) yields 
d2w 
-+w- 
ak2 / 
’ G(x --x~)E(x)E(x~)w(x~) dx, = 0 
x,=0 
(18) 
Equation (19) can be solved by the one-sided Laplace 
transform defined as 
L[f(x)l =f(p) = ~~oexpC -p )f(x)h (20) 
The solution of equation (19) in the Laplace transform 
domain can be written in the form 
P 
(‘(p)’ = p2 + 1 -L[G(x)K(x)] 
(21) 
To obtain the inverse Laplace transform of equation 
(21) in an explicit form one should specify the form of the 
correlation function K(x). Specifying equation (6a) for 
n = 1 one obtains the exponential correlation function 
K(T) =s’exp( -bITI) (22) 
which is the common choice in wave propagation prob- 
lems. In equation (22) s2 and b are the dimensionless 
variance and correlation length, respectively. It should be 
noted that s may be treated here as a coefficient of 
variation of the random medium.3*‘o 
From equation (20, by the use of Laplace transform 
and the substitution of equation (22), one obtains 
c+(p)> = U,(p)/U,(p> (23) 
where 
U,(p) =p3 + 2bp2 + (1 + b2)p (24a) 
U,(p) =p4 + 2bp3 + (b2 + 2)~’ + 2bp + b2 - s2 + 1 
(2%) 
The inverse Laplace transform of equation (23) yields 
(W(X)) = Re 5 [u,(p,)/uq(P,)lexP(P.x) (25) 
n=l 
where 
U;(p) = dU,(p)/dp (26) 
and pn, (n = 1,2,3,4), are the roots of the polynomial 
(24b). An explicit form of the roots p,, are given in 
Appendix A. 
Statistical averaging of equation (18) and making use of 
equation (8) results in the equation for the approximate 
average solution 
d’(w) 
F+(w>+/X G(x-x,1 
x,=0 
XK(x -x,)(w(x,>) dr, = 0 (19) 
5. Range of validity and error of approxlmate 
average solution 
In the present paper the mean square convergence is 
considered. The condition for this kind of convergence of 
the solution series (9) is 
lim .,J[e$) - 012> = 0 (27) 
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where et[” is the absolute error associated with approxi- 
mation 
d”‘(x) = w,,(x) + 2 w,(x), x 2 0 (28) 
,= I 
The absolute error is defined as 
eY’ = II&v(x) - H’(n)(X),, =iI,,c+, w,cxll~ (29) 
where 11. (1 is the maximum over x > 0 of the absolute value 
of the operand. 
Equation (27) can be written as 
lim ._,<[er)lL) =lim,, ,,,4(“)=() (30) 
where 6. Numerical results and conclusions 
(31) 
In Appendix B it is shown that A(“’ is bounded by the 
expression 
A(“’ G [(sx)’ - sx + l]exp(sx) - 1 
(32) 
The relation (32) shows that the limit lim,, +ZA(“’ = 0 is 
satisfied independently on the value of sx 2 0. The deriva- 
tion of the bound for A(“) is based on the relation 
II p(x)ll = IIK(x)/s’ll Q 1 (33) 
where K(x) is the correlation function of E(X). 
Utilizing the form of the correlation structure of nor- 
mal random function (Appendix B) yields 
(W(X)) = W,,(X) + 5 (W,,“(X)) (34) 
m-1 
and nth order approximate average solution equals 
(W(X)) = (W’“‘(X)) = W,,(X) + 5 (W,,(X)) 
nl= I 
(35) 
The relation (32) was derived as the requirement for 
mean square convergence of the solution series (9). Using 
a similar technique (Appendix B) one obtains the relation 
for the error associated with various order approximations 
of the average solution, equation (39, as 
e(wZnj = II (W(X)) - (W@‘)(X)) II 
2n+l m-l 
=s (ST- l)exp(nwr) + 1 - C -(SxJrn 
m=2 m! 
(36) 
Equation (36) represents an upper bound on the errors. 
This equation is a sufficient but probably not necessary 
condition for the range of convergence of the average 
solution. 
It is easy to check that when keeping the accuracy 
requirement at the 5% level the second-order approxima- 
tion (equation [A211 is valid, according to equation (361, 
for 0 G sx < 0.75. The fourth-order approximation (equa- 
tion [A3]) extends the validity up to sx < 1.35. 
It should be noted that in the wave propagation prob- 
lems related to dynamic soil-foundation interaction we are 
often interested in the small distances from the founda- 
tion (small range of space variable x). 
The effect of the randomness of the medium through 
which the wave propagates, i.e., increasing the damping 
due to the scattering in the elastic random medium, is 
displayed in Figures 1 and 2 for correlation length h = 1. 
These plots compare the results (equations [A2], [A3], and 
[25]) obtained on the basis of two different methods: 
Adomian’s decomposition and Bourret’s approximation, 
respectively. The solutions are exact and equal in some 
range of x. This range depends on the parameters of the 
correlation functions s and b. From the study of Figures 1 
and 2 it is seen that increasing the order of approximation 
in equation (35) improves the solution, and it tends to the 
solution obtained via Bourret’s approximation. A similar 
procedure as for the average displacement, (w(x)), can 
be used to obtain the variance function of the displace- 
ment 
V,,(x) = ([w(x) - Mx))12) (37) 
and in the derivation of the formula for the error associ- 
ated with various order approximations of the variance 
function. 
1 
SW> 
0.76 
0.6 
0.26 
0 X 
-0.26 
-0.6 
-0.76 
-1 
Figure 1. Comparison of the approximate average solution for 
b= 1, s=O.9: equation (A2) “““; equation (A31 --- --; and 
equation (25) -. 
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0 
Figure 2. Influence of the coefficient of variation s on the 
approximate average solution for b= 1, x=4n: equation (AZ) 
. . . ‘; equation (A31 - - - - -; and equation (25) -. 
Combining equations (ll), (17), and (37) leads to the 
second-order approximation of the variance function as 
V,(x) = <W:(x)) + <W:(x)) - (W,(x))* (38) 
The average and variance properties of the solution are 
governed by two dimensionless parameters: Coefficient of 
variation s and correlation length h. 
Higher-order terms in the expansion for (W(X)> and 
I/,(x), obtained via Adomian’s decomposition, become 
increasingly complex and are difficult to study parametri- 
cally. 
Therefore it is easy to see that Bourret’s approximation 
leads to simplification of the problem. This approximation 
may be used to considering several interesting physical 
problems. Two simple models related to the dynamic 
soil-foundation interaction can be mentioned here: 
1. Dynamically loaded semi-infinite rod resting on a ran- 
dom elastic foundations*9,“, 
2. Dynamically loaded conical rod, in shear”’ and in tor- 
sion,‘* with random shear modulus. 
Case 1 could be regarded as a model of a pile embed- 
ded in soil or as a potential crude model to estimate the 
dynamic-stiffness coefficient of a rigid foundation on a 
half space’s surface. 
These models can indeed be used to discuss the vital 
aspects of wave propagation toward infinity. However the 
first case should not be used to model an actual site, 
unlike the conical rods in shear and in torsion. 
The above analysis indicates that 
The Adomian’s decomposition method leads to the 
solution with the assumed level of accuracy and allows 
the easier computation of (w(x)) and V,.(x) for low 
values of x and S. 
The solution obtained via Bourret’s approximation al- 
lows, in a more efficient way, the computation of the 
first moment, especially for higher values of x and S. 
From the computational point of view one may use the 
Adomian’s decomposition to obtain a near displace- 
ment field, and the Bourret’s approximation for the far 
field. 
Appendix A 
The one-sided Green’s function for the deterministic op- 
erator d*/&* + 1 equals 
G(x) = sin x (Al) 
In this paper, to derive an explicit solution, we employ 
the exponential correlation function (equation 22). Hence 
the second-order approximation for the average solution, 
according to equation (12), can be written as 
X sin(x, -x,)cos x2 
x cxp( -h(x, -x2)) dr, &Lx, (A21 
The fourth-order approximation for the average solution, 
according to equation (14), assumes the form 
o+J4’(x)) = (d*‘(x)) + (WJX)) (A3) 
where 
(W,(X)) =s4 jX j”’ j”’ jX‘ sin(x -x,) 
r,=(l x,=0 x,=0 x,=(1 
x sin(x, -x,)sin(x, -x,)sin(x, -x,1 
x cosx,[exp(-h(x, -x2 +x3 -x,)1 
+2exp(-h(x, -x1 +x2 -x,),1 
Xh.4 h, h2 &I (A41 
In the case of Bourret approximation the roots P,, in 
equation (25) can be expressed in explicit form as 
1 
PI.2 = zj (-b + [b2 - 4 + 4(s* -h’)“*]“*) (A51 
1 
P3.4 = Yj (-h-[h’-4~4(sL-h*)“*1’/2) (A61 
Appendix B 
The expression for A(“‘, equation (311, implies 
(Bl) 
,=,,+I ]=,,+I 
where 
(w,(x)w,W 
=(_l)‘+J j" . . . jx~-'jx~ . . . 
XI=0 X,-II x,. ,=(I 
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/ 
1J./ ‘[Gh-x,1... <Ax, ] -s,,] 
X,.,-O 
xG’(x,)[c;(x,-s,, ,)... 
m,,, , -x,,,)]G’(x,,,) 
X[E(X,)...E(.T,,,)][dr ,‘,“. &,I (B2) 
An assumption that E(X) is a zero mean normal ran- 
dom function leads to the following correlation structure 
r+,-I 
(E(X,)...E(X,,,))=L>,,,s’T’ c ff,.,,,n (H3) 
I?!= 1 
where 
i 
1, 
Dtel= 0, 
i + j = el,en 
i+j=odd 
(B4) 
Eachterm a ,.,. ,.(m=1,2 ,..., i+j-t),isaproductof 
(i + j - I )/2 normalized correlation functions 
P(X,,, -x,,) = K(x, -x,,)/.? (BS) 
evaluated at all the possible combinations (x,,, -x,) of 
(x I,..., X,‘, ). For i + j = 2 we have 
(&(X,)&(X?)) =.&r, ] =s$(x, -1,) (B6) 
and for i+j=4 
(&(X,)&(X,)E(X~)E(X,)) =P(q , + (YJ.2 + a1 3) 
iB7) 
where 
In 
a4.1 = p(x, -x,)p(x3 -x4), 
a4.2 = P(X, -x,)p(x, -X4), 
U4.3 = /l(Xl -X4)p(X2 -X3) (BX) 
further considerations we use the relations 
IlG(x)ll < 1 (B9) 
II p(x)ll 6 1 (BlO) 
The relation (BIO) implies that 
Ilff rl,.mll G 1 (Bll) 
Hence, 
C IIU,,,.JGi+j- 1 (B12) 
,?I - I 
Combining equations (Bl)-(B12) and taking into ac- 
count the result of integration 
. . . atx ,+/...dx, =-g 
(1 +J)! 
(B13) 
one oblains 
x 
A(“’ </;,(sx, = c 
I 
5 G(.u)‘.’ (B14) 
,I A I , .= ,I- I 
The double series (B14) can be written as 
/;,(.sx 1 = 2 cm - I? (sx) ,), 
I 
,?I = 2 ?I + 2 
m. 
2u.I (m-ll)2 
=g(.sx) - c (sx) ,), (B15) 
n, = ? 1?1! 
where 
-7. 
g(sx)= c (m - I)? (sx) ,?I 
)?I = 2 
m ! 
(1316) 
To cvaluatc the sum of the series (B16) one can de- 
compose it as 
Hence the sum (BIS) equals 
f,,(sx) = [(.cr)* -xx + Ilexp(sx) - 1 
(B17) 
(n = 1,2,3,...) (Big) 
Estimation of the error of approximate average solu- 
tion (equation [3h]) is based on the above relations and 
uses a similar procedure. Using equation (35) one obtains 
e~~“‘=Il(w(x)) - (w(‘“)(x))II 
< 
II 
c (W,(X)) 
m=2n+? /I 
,< i: IK Wlrn, *(x))ll (B19) 
In= I 
Combining equations (B3), (B9)-(B12), and (B19) yields 
31 
e’f”’ g C 
ni - 1 
H -_(sxr 
m=Zn+? m. 
(I3201 
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It is convenient to write relation (B20) in the form 
30 
ec”) < C 
m-l 
-(s.x)” 
m=2 m! 
-*y’ m-l(&, 
m=2 m! 
(n = 1,2,3,...) 
which leads to relation (36). 
(B21) 
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